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Abstract

This paper studies the interdependencies between the VIX futures market
and the S&P500 and VIX options markets using a model-free pricing method
for VIX futures. We show that the replication strategy for the VIX futures
deviates strongly from observed prices. Limited strike ranges do not suffice to
reason these deviations, whereas liquidity risks can explain most of it. After
controlling for liquidity by constructing higher and lower bounds for the VIX
futures price, we find a lead-lag structure between markets segmented by
product, not by its underlying. Our model-free analysis shows that if option
markets imply higher volatility risks relative to VIX futures, option prices in
both markets adjust and vice versa.
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1 Introduction

Since the financial crisis, volatility markets experienced an enormous upswing in
trading volume. In this paper, we study two possibilities to trade volatility. Investors
can either use a portfolio which combines S&P500 (SPX) and volatility (VIX) op-
tions or a position in VIX futures. Both strategies have the same payoff and thus
have by theory the same price. However, we find that the law of one price is violated.
In fact, price deviations between the options and VIX futures markets can be quite
large. The existence of these discrepancies raises at least two questions: Are these
deviations significant or are both markets fully integrated? And if deviations are

significant, are they just the result of market frictions?

In a largely model-free analysis, we find that on average the mispricing between
the options and VIX futures markets can be explained by market frictions. Here, the
main drivers are liquidity risk and limiting restrictions in the options availability.
Liquidity risk explains almost all of the price dispersions before and during the
financial crisis. Afterwards, the explanatory power is dampened for contracts with
a short time to maturity. However, for longer maturities results remain unchanged.
For short-term contracts we find a lead-lag structure when price deviations between
both markets are severe. Implied volatility smiles show that if options are more costly
than VIX futures, priced volatility risks in options adjust. If prices of VIX futures
are above their option implied arbitrage bounds, future prices adjust. Therefore,
the information flow between the two markets (VIX futures and SPX/VIX options)
depends on which product implies higher volatility risk and, as a result, the lead-lag

structure is not just one-sided.

Our analysis relies on the fact that squared VIX futures can be replicated in
a model-free manner as the difference of a SPX options and a VIX options port-
folio. The first captures expected forward volatility risk, the second captures the

expected variation of the VIX futures, and thus vol-of-vol risk. We show that the



SPX portfolio makes up a large part of the short-term futures price, whereas the
VIX options portfolio is important for long-term futures. The composition of the
replication portfolio emerges directly from no-arbitrage pricing arguments. Limits
of arbitrage could stem from limited strike ranges in the involved option portfolios.
Therefore, we study the impact of this form of market incompleteness on the perfor-
mance of the replication, which is similar to the analysis of Jiang and Tian (2007)
for the VIX. We generate stock and volatility option prices in a controlled model
environment for different strike grids. The studied integrated market model features
jumps in the volatility and price dynamics. Our results indicate that without using
interpolation techniques, market incompleteness yields small relative pricing errors
in the range of 2% to 5%. If we use interpolation methods the error becomes a
magnitude smaller, which is in general less than 1%. Especially for empirical strike
ranges we find the errors to be small. Our analysis shows that market incompleteness

is unlikely to explain all the pricing errors we observe empirically.

The portfolio of SPX options captures parts of the term structure of risk-
neutral expected variance and thus relies on its measurement. We first discuss that
a correct data treatment with respect to, for example, weekly and monthly options is
crucial when applying the model-free formula. Second, we compare two well-known
methods to build the variance term structure: the method of the CBOE (2016) and
the formula of Bakshi et al. (2003). Only the latter accounts for jumps in stock prices.
Our results show that if the method of the CBOE is used, the model-free VIX future
replication displays significant biases. Prices are on average too low and the price
deviations between both markets are significantly negatively skewed and thus highly
non-normal distributed. This finding holds across all maturities. In contrast, when
using the formula of Bakshi et al. (2003), pricing errors are on average zero and
more symmetrically distributed. Thus, induced price deviations are substantially

less skewed and therefore more normal.



Contemporaneous regressions with liquidity measures as explanatory variables
show that realized price deviations between the futures and options market can be
well explained by liquidity risk. Until 2010, liquidity explains about 62% to 67% of
the variation in price deviations across maturities. In particular, we find that the bid-
ask spread in the options market subsumes the explanatory power for liquidity risk,
whereas funding liquidity has a statistically significant but small economic impact.
After 2010, the explanatory power of liquidity risk for price deviations of short-term
contracts with maturities between seven and 30 days declines to roughly 43%. For
larger maturities liquidity risk is still the main driver with R?s ranging from 55% to

62%. The bid-ask spread has still greatest explanatory power.

Since 2010 liquidity risk plays a lesser role for short-term VIX futures, but large
price dispersions still occurred. Therefore, we study these obvious discrepancies in
more detail. We define model-free upper and lower bounds for the VIX futures price
in dependence of bid and ask prices of its replicating portfolio. We concentrate our
analysis on implied volatility smiles of the SPX and VIX market for the days around
the date where the future’s price is either below or above its lower or upper bound.
The smiles show that option markets do not move on average one day before the
occurrence of the price deviations. A price deviation is a signal for market movements
on the subsequent days. If options imply higher volatility risks compared to VIX
futures, implied volatility levels of both option markets (SPX and VIX) adjust and
decrease the following day. On the contrary, if futures are more costly than options,
the implied volatilities do not react and, consequently, futures become less expensive.
Our results document that if price deviations are quite large, then the product which
implies higher volatility risks follows the cheaper one. Therefore, we find that the
information flow is between VIX futures and SPX/VIX options and not between the
VIX and the SPX derivatives markets.

Our research is related to the literature on model-free pricing of VIX futures,



which is pioneered by Carr and Wu (2006) and Dupire (2006). They show that
futures can be replicated by the expected variation in stock prices over the next 30
days in some future point in time and the expected variance of the futures itself. In
addition, the CBOE suggests pricing of VIX futures using the VIX term structure
and estimating the futures variance using historic data.! However, all the authors
remain silent about the performance of the replication. We show that using the
CBOE’s VIX term structure leads to systematic biases in the replicated VIX futures
price. Further, we relate to the literature on robust estimation of expected volatility
from option prices. Similar to Jiang and Tian (2005, 2007) for the VIX, we conduct

a sensitivity analysis for model-free futures pricing.

The paper which is closest to us is Park (2015). Park researches lead-lag struc-
tures between the SPX and VIX derivatives markets. Thereby, he uses the model-free
valuation method as well, but rewrites it and looks on price dislocations between
both markets. He then calibrates a model to his time-series and thereby merges the
manifold information from different maturities to a single output. As a result, all
his findings stem from a model-based analysis. We deviate from his procedure in
several dimensions. First, our analysis is model-free and grounds on a replication
strategy only. Therefore we rely solely on no-arbitrage conditions and do not use a
parametrized model in our analysis. Second, we look at different maturity buckets
separately and analyze the replication quality for each of them. Third, we compare
the VIX futures and the options markets. Fourth, we are the first to research the

sensitivity to input data of the model-free approach.

The paper is structured as follows. The next chapter describes the model-free
valuation method, implementation pitfalls, and the impact of limited strike ranges.
Chapter three discusses and reasons empirical performances. Here, we also show

market reaction to large price deviations between markets. Chapter four concludes.

!See http://cfe.cboe.com/education/vixprimer/features.aspx.
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2 Model-Free VIX Futures Evaluation

2.1 Theory

VIX futures can be evaluated in a model-free way as the difference of a SPX and a
VIX options portfolio. This evaluation method is known since the introduction of the
VIX. Its theory is described by e.g. Carr and Wu (2006) and Dupire (2006). Since the
model-free formula for futures solely relies on prices of S&P500 and VIX derivatives,
it provides a measure of the integrity of futures and options markets when it comes
to trading volatility. The formula is essentially a hedge for futures. Consequently,
a violation of the pricing formula could directly lead to arbitrage opportunities
between both markets by exploiting the hedge relation. According to no-arbitrage
pricing theory, the replication formula should work perfectly. However, little is known
about its real-world performance. If pricing errors of significant magnitude exist,
the question arises if these errors can be explained by market frictions or if it gives
indeed arbitrage opportunities. The latter would imply that the options and futures
market are not perfectly integrated. The following theorem describes the pricing of

VIX futures using portfolios of S&P500 and VIX derivatives.

Theorem 1 (Model-Free Valuation of VIX futures) The squared VIX futures
price (FtT)2 is the difference of the expect forward variance E; [(VIX?:}OD) 2] and a

convexity correction

(F{)2 =F, [(VIX%ODV} — [Convezity Correction],, (1)
B [(vixg?)?] = o (@ s0m) (vixeoy? - (vixd)?) . @)

FT 0

o FT
[Convezity Correction], = 2" ( CV™(T, K)dK + PYX(T, K)dK) , (3)

where {CY™(T, K)}x and {P™(T,K)}k are prices of puts and calls for VIX op-

tions with strike K. VIXT is, depending on our later analysis, the volatility index

5



for maturity T' calculated using the method from the CBOE (2016) or Bakshi et al.
(2003), respectively. For a proof of the theorem see Appendiz A.1.

The model-free formula not only depends on the expectation about future VIX?
values, but on a convezity correction as well. This correction is given by a portfolio
of VIX options, which leads to a direct exposure to volatility-of-volatility risk. In
our empirical section we will show that both parts of the replication portfolio are

important.

In Equation (1) the right-hand side depends on the VIX futures price, because
it is needed for the calculation of the convexity correction. Since our focus is on
the consistency of futures and option prices, both sides of the equation should only
depend on one asset class. As a work-around, we approximate the futures price via

put/call-parity.

Corollary 1 (Approximative Valuation of VIX Futures) In the setting of The-

orem 1 it holds
(FtT)2 ~ MF*(T) =E, [(V[X?}OD)Q] — [Approz. Conv. Corr.],, (4)

o w
[Approz. Conv. Corr.], = 2¢"" (/T /(T K)dK+/ PYX(T, K)dK) , ()

F, 0
where ﬁf is the VIX futures price implied by put/call-parity of VIX options prices.?

Our approximation does not depend on VIX future prices as an input.® So we

provide an independent model-free approach for pricing these products. It is worth

2VIX options are written on the VIX future. Thus, we can rely on put/call-parity to infer the
futures price. In line with CBOE (2016), we use the option pair where the bid-prices are closest.

3We also run our later empirical analysis with the real futures price to compute the convexity
adjustment. We find no significant changes in results, because the relative error of the VIX futures

price, coming from put/call-parity almost never exceeds +1%.



mentioning that the proposed pricing formula in Theorem 1 has to hold even if
only the right-hand side of Equation (1) is a portfolio which is directly investable.
Squared futures are not traded. However, market participants can get an exposure
to it, as can be seen relatively easy by [t0’s lemma. The lemma implies that the
dynamics of (FT)2 can be replicated by taking a long-position in a VIX future and

by buying a portfolio of VIX options, since it holds
d (FtT)2 = 2FTdFT + (dFtT)2 ~ 2F] AF[,, + A[Convexity Correction],,,, (6)

where AX;,; = X1 — X;. The approximation in Equation (6) is valid, because the
convexity correction equals the expected variance of the futures price. A replicable
squared futures price implies that a violation of the model-free pricing formula indeed

leads to an imbalance between the futures and options market.

2.2 Measures of Expected Variance

To determine the squared VIX futures price solely from option prices, we need to
determine (VIX[)? and (VIX]!T3°P)? of Equation (2). We analyze two different
approaches in this paper. First, we follow the calculation method of the CBOE
(2016) for the VIX, which is based on the seminal work of Demeterfi et al. (1999)
on the fair value of variance, or equivalently, on the model-free implied variance
of Britten-Jones and Neuberger (2000). Assuming a continuous price process, they
show that the variance swap-rate approximately equals the price of a portfolio of
out-of-the-money (OTM) options O,(K,T'), where each option is inversely weighted
by its squared strike price (K):

2 . [ O,K,T)
T _ rT t ) T
VSt = T@ /0 le{ + &y - (7)

Importantly, el is the approximation error due to discontinuous movements in the

underlying price process. The CBOE’s (VIX!)? measure is a discretized version of



(7). It is thus a biased estimate of the variance swap rate over time 7"

2¢T < [AK; 1 T 2
VSI ~ (VIX])>CBOE — ‘; > { e OfPX(Ki,T)] -7 (F;&) - 1) . (8

In the first term, O7PX(K;, T) is the i-th SPX option price, which is the mid of
the bid- and ask-price. The second part of Equation (8) is a correction term which
accounts for the fact that usually no option is directly traded at-the-money (ATM).
The term comprises F3(7T'), which is the S&P500 forward index level derived from
SPX option prices, and Ky, which is the first strike price below F;(T').* The CBOE’s
volatility index VIX?®'P then follows from linear interpolation, using two maturities

with 77 < 30D and T* >30D

+
VIXPP = \/ {T— (V]XtT_)Q % + T+ (VIX]™)

230D —T—) 365
} )

T+H—-T- ) 30

Although VIX futures are written on the VIX3'P| we address the question
whether its jump-induced error €/ also affects the model-free VIX futures pricing.
Therefore, we construct (VIX])? using the model-free measure of implied variance
of Bakshi et al. (2003), which comprises the possibilities of jumps in the S&P500.
Based on the quadratic variation, the no-arbitrage relation and the assumption that
the price process grows at the risk-free rate under the risk-neutral measure, Bakshi
et al. (2003) demonstrate that the implied measure of variance can be estimated by

el K\ AK
(VIXT)?BEM - > [2 (1 —In (E)) w2 OPX(K, T) — (T)?|, (10)

where the function p;(T) is given in Appendix A.2. Since p;(7T)? is normally quite
small, the sensitivity towards return jumps (compared to the CBOE’s measure in
Equation (8)) manifests in the additional weighting term 1 — In(K;/S;), which de-

pends on the options” moneyness. Since only OTM options enter the calculation, this

4As described below in Section 3.1, we follow Carr and Wu (2007) and interpolate the available

strike range, making the correction term dispensable.
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shifts weight from OTM calls to OTM puts, whereby the latter are more sensitive
to negative jumps in the S&P500.

Clearly, both measures (VIX] )2CBOF and (VIX] )>BXM are subject to estima-
tion errors. In the sense of Jiang and Tian (2005, 2007), we will analyze next how
market incompleteness in the form of limited and discontinuous strike ranges affects
the model-free valuation of VIX futures. This will give a first intuition of unavoidable
pricing errors. Finally, the usage of mid-prices instead of actual trade-prices leaves
us with a time-varying range of uncertainty about market participants’ notion of

expected variance. We will address this issue further in the empirical analysis.

2.3 Theoretical Impact of Limited Strike Ranges

Markets are not complete. For options, only a discrete set of strikes within some
minimal and maximal range is traded. This induces an error when building the repli-
cating portfolios from Equation (1), because it is not possible to trade all options
that are theoretically needed. The model-free valuation method depends two-fold on
the available strikes in both markets. First, options are not traded in a continuum
and, thus, a discretization error enters the above integrals. Second, the limited strike
range leads to a truncation error. Consequently, for the analysis of the performance
of the model-free pricing approach, it is indispensable to know about the effects of
market incompleteness with respect to the strike range and to the number of avail-
able strikes. Jiang and Tian (2005, 2007) show that for the VIX itself the error can
be reduced substantially by using interpolation over strikes in the implied volatility
space and extrapolation by using the implied volatility of the minimal and maximal
available strikes. However, they do not consider the implications for errors in the
implied VIX future pricing. From a practical point of view, it is further of special
importance to look at pricing errors if no interpolation method is employed and only

the available set of strikes is used.



In the following, we look on the impact of the availability of strikes in a model
with simulated data and consider different degrees of market incompleteness. We
thereby abstract from transaction costs, bid-ask spreads, liquidity constraints and
other market frictions. This study gives a first intuition for the pricing errors which
can be expected in our later empirical study of the model-free formula. Furthermore,
it gives a range of how much of the error can be explained by market incompleteness.
To generate the data we use the jump-diffusion model (SVJJ) with simultaneous
jumps in the stock and its volatility introduced by Duffie et al. (2000). The model

dynamics of the log stock price s; and variance V; are given as follows

ds; = (7’ — i\ — %Vt) dt + V. dW} + Z2dN,, (11)
AV, = ky (V = Vi) dt + oy /VidW) + Z) AN, (12)
AWgawY =p, Z/ ~Exp (wv), Z; | Z{ ~N (us + ps 2}, 0%), (13)

where N; is a Poisson process with constant intensity A\¢ > 0, p = T
and the remaining coefficients are chosen such that r, \;, oy, kv, V, uy, 05 > 0 and
P, pJ, iy < 0. Since the model features stochastic volatility and jumps, it provides a
valid market framework to study the model-free pricing formula for VIX futures.® For
our analysis we use a reasonable calibration which yields a mean model-implied VIX
of 25.01% and where jumps occur once every six months with an average jump size
of 8% for the variance and -12% for stocks.® In this model setup, SPX options and
VIX options and futures are known in semi-closed form. The SPX options prices are

calculated as in Duffie et al. (2000), the VIX derivatives are computed as in Branger
et al. (2015). From the latter, we take the analytical VIX futures price and compare

5Several authors find evidence for jumps in stock returns and volatility. See e.g. Eraker (2004),
Todorov and Tauchen (2011), Cremers et al. (2015) amongst others.

6We choose the calibration to be similar to the reported parameters in Duffie et al. (2000).
These parameters are r = 0,p = —0.8,p; = —0.4,0; = 1074, 0y = 0.14,xy = 3. The initial

variance is set to its long-run mean.
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it with the model-free futures prices, which follow from Equations (4) and (10), for
different strike grids.

We start by analyzing the truncation error, i.e. by the limited strike range.
The upper panel of Table 1 (truncation method) gives the relative valuation of the
replication portfolio if we do not extrapolate in the moneyness dimension. In the
lower panel (extrapolation method), we give the results if the volatility surface is
extrapolated constantly as in Jiang and Tian (2007). We report errors for different
moneyness ranges from ATM + 10% to ATM + 50% as well as for the average
empirical ranges.” The upper panel shows that the truncation error decreases rapidly
for wider ranges. For a range of ATM +10% the relative error for the short maturity
is -15.53%, which drops with increasing moneyness range to -2.18% for ATM + 20%.
In the case of empirically observed ranges the relative error for one month futures
is -0.97%. Results are similar for long-term VIX futures, but the decrease in pricing
error is weaker. The error is at first enormous with -51.02% (ATM =+ 10%) and
decreases to -4.08% (ATM =+ 40%). For the empirical moneyness ranges we find an
error of -3.24%. Thus, we expect the (truncation) error to be larger for long-term
futures in the empirical analysis. The lower panel shows that the errors can be
reduced substantially if we extrapolate the implied volatility space constantly by
using the volatility of the highest and lowest strike, respectively. For the short and
long maturity the relative pricing error is below 1%-point for all moneyness ranges
that are wider than ATM£10%. All in all, the analysis shows that a truncated strike
range has little impact on the model-free VIX future valuation, especially when using
empirical ranges. Our results suggest that the truncation error is roughly -1% to -
3% for short-term to long-term VIX futures. As in Jiang and Tian (2005, 2007), the

small relative pricing errors almost vanish if a simple extrapolation method is used.

"For the SPX market, we find for our sample average empirical ranges to be 0.69 to 1.15 and
0.56 to 1.30 for short and long-term options, respectively. For VIX options we find empirical ranges

of 0.60 to 1.80 and 0.64 to 1.80 for short and long-term options, respectively.
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Next, we concentrate on the discretization error and research the impact of a
limited number of strikes. In Table 2 we give the discretization error for different
combinations of SPX (rows) and VIX (columns) grids for a moneyness range of
ATM =+ 50%. In Panel A of Table 2 we refrain from interpolation. For one month
and twelve month to maturity the valuation error is -5.37 and -2.23%, respectively,
if SPX options and VIX options are available at their empirical moneyness steps
(1.2 xSy and 0.08 xF{). If we widen the grid for VIX options, the columns in
Panel A show that the error worsens. Hereby, the number of available volatility
derivatives is more important for long-term than for short-term futures.® Subtracting
now the valuation errors for the empirical grids in Panel A from the errors for
the truncation error in Table 1 for the moneyness range of ATM =+ 50%, gives us
an estimate for the discretization error. We find for short-term futures an error of
—5.92% (= —5.37%—0.55%) and for long-term futures —2.28% (= —2.23%—0.05%).
The decreasing error in the futures’ maturity is plausible since the volatility smile
becomes flatter for long-term options, which lowers the discretization error. If we
interpolate across strikes, Panel B shows that the available number of SPX and VIX
options hardly matters. For various grids, the resulting error is not different from
the corresponding truncation error in Table 1, if we are in the medium state of the
economy. To test whether results depend significantly on the shape of the volatility
term structure, we also look at high and low volatile regimes in Panel C of Table
2. We find the relative pricing error in each volatility regime to be quite small and
slightly increasing in the level of volatility. For each volatility regime the absolute

pricing error is below 1%.

To sum up, we find that the discretization error can amount to roughly -6% for

short-term VIX futures and roughly -2.25% for long-term futures. If we interpolate

8This is in line with our later findings in the empirical analysis that the convexity correction

matters more for long-term futures.
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in the strike dimension, the error almost vanishes. Therefore, we will also interpolate
across strikes in the next section, where we look at the model-free VIX futures pricing
performance empirically. Since we refrain from extrapolation in the moneyness (and
maturity) space, we expect relative pricing errors of at least 1 — 3% in an absolute

sense, due to the truncation error.

3 Empirical Analysis

3.1 Data

The model-free VIX futures valuation requires a set of S&P500 options for the VIX?
term structure and VIX options for the convexity correction term.? Both components
need to be measured with care, since the VIX and its futures price are quoted on
an annual basis. Thus, little errors in the estimation of VIX? can lead to enormous
pricing errors. In line with that it is important to note that SPX and VIX deriva-
tives settle at different dates. While SPX options settle on Fridays, VIX derivatives
settle on Wednesdays. To correct for this two-day difference, some interpolation in
the maturity dimension is required. As a consequence, we choose to only interpo-
late the VIX? term structure linearly as in Equation (9) and refrain from any inter-
or extrapolation of the VIX options and futures in the maturity dimension.' Fur-
thermore, we only consider those days where the maturity is straddled by the SPX
options, i.e. we discard days where an extrapolation of the maturity range would be

necessary.

9The VIX term structure is available at the CBOE via http://www.cboe.com/data/

volatilityindexes/volatilityindexes.aspx. The time series starts on November 24th, 2010.

10Tn undocumented results, we find that a minimum of interpolation in the maturity dimension
is inevitable to obtain reasonable results. For example, interpolating both VIX and SPX volatility

surfaces in order to generate constant maturity contracts deteriorates pricing performances sharply.
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Due to annualization, it is further highly important to account for recording
and settlement times. Our S&P500 and VIX options data come from option metrics,
which is recorded at the end of regular trading hours. This is 3.15 p.m. for standard
S&P500 options and VIX options. Since 2014, however, the CBOE further includes
weekly options (SPXW) into the calculation of the VIX.!! The trading of SPXW
options closes 15 minutes earlier and also the settlement is different compared to the
standard options. The first are deemed to expire at the close of trading, the latter
are deemed to expire at the opening sales price on the settlement day (8.30 a.m.).

Thus, the times to maturity used for calculating VIX? are

(8.75 + 8.5)

Tstandard = (DateT - Datet o 1>/365 + 24 x 365 ’

Tyeey = (Dater — Date;)/365 .

Note that the difference in maturity is not negligible. For example, not accounting
for the different settlement times of weekly options for a time to maturity of 10 days

would imply an underestimation of 2.9% of VIX2, due to biased annualization.!?

To obtain reliable option quotes for the calculation of VIX? and the convexity
adjustment, we follow the CBOE’s white paper for filtering rules. We delete zero
bids and delete all data points after two subsequent zero bids. As the CBOE does,
we obtain the forward price F; in Equation (8) (which determines OTM options)
in a model-free manner by using put/call-parity and the two closest call and put

prices. The call and put prices with the first strike value below the forward price

HWe follow the CBOE in using only standard SPX options and include SPXW options, starting
in 2014. Before, weekly options were not liquid enough. Thus we delete all options with the root
JXA’ PJXB, 'IXC, 'IXD, PJXE’. Up to 2010, they referred to weekly options. Also, we delete
options with the root 'QSE’, 'QSZ’, 'QZQ’, SAQ’, *SKQ’, 'SLQ’, 'SQG’, "SQP’, 'SZQ’, SZU".
These are non-standard LEAPS options, which settle at the last trading day of the quarter. For
further details see Andersen et al. (2011).

120 see this, calculate (9/365 + 17.25/(24 - 365)) " /(10/365)~1 — 1 = 0.0289.
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are averaged.'® In contrast to the CBOE, we further require that at least 5 option
quotes (SPX and VIX options) are available and we also delete option quotes with
maturities less than 7 days in order to avoid microstructure effects. Finally, we
interpolate the implied volatility curve for each maturity to avoid the discretization
bias, discussed by Jiang and Tian (2005) and Section 2.3. Thus, we only keep options
where the implied volatility could be calculated. We interpolate linearly within the
available strike range, using a fine grid of strikes with AK = K, ; — K; = 1 for SPX
options and AK = 0.1 for VIX options.'* For the SPX options we use Equations
(8) or (10) to measure VIX!. The convexity correction CC} in Equation (5) is then
calculated via

CCl = 2¢e™ i O™ (K;, T)AK;, (14)

i=1

where OYX(K;, T) are the OTM VIX option prices.

Our VIX futures quotes are directly obtained from the CBOE’s website. We
only keep traded futures, i.e. futures with non-zero volume, and futures where the
convexity correction CCY could be calculated (due to enough VIX option quotes).
The two-day difference in settlement days and the filtering rules on (SPX) options
further restrict us on VIX futures with maturity of more than 8 days. We further

only consider futures with maturities of less than six months.

VIX futures started trading in 2004, VIX options followed in February 2006.
The latter, however, were at first highly illiquid, which sets our available time-span
(due to the restrictions of at least 5 traded VIX options). All in all, the filters
leave us with 2,168 days of data in the time-span from September 1, 2006, to end of
August, 2015. In total we have 11,859 futures prices. Figure 1 plots the daily trading

volume of these futures prices, averaged over each month. It shows that the trading

13For further details see CBOE (2016).

4We find no significant changes when we change the interpolation method.
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volume remained rather low for all maturities until the mid of 2009. Since then,
market participants’ interest in short-term futures rose rapidly and since January
2010 trading of VIX futures increased across all maturities. For this reason, we look
at the overall sample and also subdivide it at January 4, 2010. We refer to the two
subsample as pre- and in-crisis and post crisis sample. Finally, note that the drop
in short-term futures volume at the end of our sample period reflects the CBOE’s
introduction of weekly VIX futures on July 23, 2015. Since weekly VIX options
followed later on October 8, 2015, we can only study standard VIX futures prices.

3.2 Performance of the Model-Free Formula

In this section we test the performance of the model-free VIX futures pricing formula
with real world data. We use Equation (4) to price futures, using only information
from SPX and VIX options. Before we start with the empirical pricing performance
of the model-free VIX futures valuation, we discuss the importance of the expected
VIX? and the convexity adjustment. Their descriptives are given for the shortest
maturity and the whole sample in Panel A of Table 3.1 For brevity, the table
only reports the shortest maturity, whereas Figure 2 illustrates the findings for
the shortest and longest maturity bucket. On average the expected VIX? is 6.08%,
which is roughly half a percentage point higher than the squared VIX futures price.
Interestingly, the importance of the convexity correction is increasing in maturity.
While for short-term futures it is rather unimportant with a level of 5.96% of the
short-term futures price, its relative contribution increases in maturity up to roughly
20% for the longest maturity (Tg). The top panel of Figure 2 shows further that
the absolute convexity adjustment is rather stable at low levels if markets are calm.

But in times of market stress, the convexity adjustments become quite large. The

15We compute the VIX? term structure for this analysis by the method of Bakshi et al. (2003).

Results are similar if we apply the methodology of the CBOE.
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lower panel shows that in the course of the financial crisis of 2008 and at the peaks
of the European sovereign debt crisis in 2010 and 2011, it made up for 17% in
relative terms of the short-term VIX futures price and for more than 35% of the
long-term VIX futures price. Compared to the expected VIX?, Table 3 shows further
that the second to fourth moments of the convexity adjustment are much higher.
Altogether, we find that the convexity adjustment becomes more important the
longer the maturity of the VIX future and the more volatile the market gets. This is
model-free evidence that stochastic vol-of-vol risk is priced in VIX futures and that

it is especially important for longer maturities.

We now compare the methods of the CBOE and Bakshi et al. (2003) to con-
struct the VIX term structure with respect to pricing errors. To do so, we analyze
the whole term structure of VIX futures and report pricing errors sorted by matu-
rity buckets. Now, Table 4 reports the relative and absolute pricing errors over the
whole sample for the two different methods to calculate the VIX term structure. The
table states errors and summary statistics for six different maturity buckets starting
from short-dated futures with maturities from seven to 30 days, up to long dated
futures with time to maturity of more than 150 days. Panel A of Table 4 documents
the pricing error if the VIX term structure is calculated using the approach of the
CBOE. We focus on short-term futures with maturities no more than 30 days, on the
mid-term bucket with maturities between 60 and 90 days and on long-term futures

with time to maturity of more than 150 days.

We find the relative pricing errors, which we define as the model-free future
over the futures price minus one, to be negative for all maturities. For short-term
futures the average (median) relative error is -2.79% (-2.82%), for mid-term futures
it is -7.20% (-4.39%), and for long-term futures it is -7.22% (-5.08%). Further, we
find the quantiles for these errors to be unbalanced. In absolute values, the lower

5% quantile is much higher than the upper 5% quantile. The upper quantiles are
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3.29%, 6.57% and 7.82% for the short-, mid-, and long-term futures, whereas the
lower 5% quantiles are -8.79%, -29.97% and -29.24%. Thus, the quantiles are highly
skewed and document that model-free futures prices, which are computed by CBOE

method, are systematically too low. The pattern of the absolute errors are the same.

Figure 3 visualizes the pricing errors for the CBOE approach. Generally, the
magnitude of errors is smallest for the shortest maturity and increases in market
volatility. Especially in the financial crisis the pricing errors became quite large.
During the crisis model-free futures prices for maturities of more than 30 days even
became negative. Looking at the VIX? term structure on a de-annualized basis, we
find the reason for negative prices in an expected variation of the stock market, which
is decreasing in maturity. This implication from the data is theoretically impossible
and shows an inconsistent pricing of the underlying SPX options.'® In general, the
errors in VIX futures pricing seem to be biased downward, meaning that the model-
free price is systematically too low. Overall, the figure as well as Panel A of Table 4
document that the pricing errors can become quite negative and have huge standard
deviations. Comparing these errors with our results on limited option availability,
we conclude that the latter is not the only source of the errors, because they are too

large.

Panel B of Table 4 shows the pricing errors when using the method of Bakshi
et al. (2003) to calculate the VIX term structure. In this case, we find average
and median pricing errors across all maturity buckets closer to zero than with the
VIX term structure coming from the CBOE method. The average (median) relative
errors are 0.80% (-0.90%) for the short-term bucket, -2.89% (0.24%) for the mid-
term bucket, and 0.11% (2.40%) for the long-term bucket. Further, we find the
unbalance between the upper and lower 5% quantile to be less pronounced than

for the CBOE method. For the upper (lower) 5% quantiles we find values of 7.36%

16By theory it hold that [, ° (dInS,)* du > [} (d1nS,)* du for all s > 0.
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(-6.66%), 16.03% (-31.66%) and 21.97% (-30.75%) for short-, mid-, and long-term
futures. The fit and absolute errors are shown in Figure 4. It is evident from the
plot that the pricing errors are larger for longer maturities. As before, pricing errors
are more severe during times of higher market volatility. In contrast to the CBOE
method, the pricing errors are overall more symmetrically distributed. However, from
the standard deviation and quantiles it is clear that the relative errors are still too
large to be fully explained by market incompleteness in terms of option availability.
The ranges of errors well exceed the values for the truncation error, suggested by

our theoretical analysis in Section 2.3.

Our overall results indicate that the method for the calculation of the VIX
term structure is crucial for model-free futures pricing. If the method of the CBOE
is used, futures pricing errors are large in an absolute and relative sense and resulting
futures prices are systematically too low. This is evident from average and median
errors as well as from our quantile analysis. In comparison, if the Bakshi et al. (2003)
approach is used, relative and absolute errors are smaller and less biased. This is
especially true for maturities below 60 days and thus the most liquid contracts.
For all maturities, we find that the differences of the two approaches are highly
significant with t-statistics exceeding 9. Thus the methodology for estimating the
term structure of expected variance highly matters for the model-free VIX futures

pricing.

3.3 Liquidity and Pricing Errors

In this section we aim to explain the emerging pricing errors. As a result of the
previous section, we choose to analyze the pricing errors using the method of Bakshi
et al. (2003) to calculate the VIX term structure. The reason is that with this
method the pricing errors are less biased and on average closer to zero as expected

from a valid replication strategy. Further, we are interested in differences of the pre-
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and in-crisis compared to the post-crisis period, because after the financial crisis
trading of volatility derivatives has significantly increased. After the crisis, pricing
errors might be less dependent on liquidity measures in comparison to the pre- and
In-crisis.

To analyze the driving forces behind the pricing errors, we conduct contempo-
raneous regressions of absolute pricing errors for our two subsamples, which cover
the period from September 1, 2006 to December 31, 2009 and from January 1, 2010
to August 31, 2015, respectively. For the regressors, we choose liquidity measures
and control for different states of the economy by volatility risk measures. A widely
used measure of liquidity is the bid-ask spread. In the following we define a weighted
spread for SPX and VIX options. The weighting gives the spreads for the two parts
of the model-free Formula (4).

As multiple options enter the model-free futures price, we define two weighted
spreads of the involved bid- and ask prices of the SPX and VIX options. The weight
of each option is determined by its contribution to the VIX term structure or the

convexity correction, respectively. The two spreads are then given by

ask bid
SpreadS?X = I, [(VIX*}OD)Q} _E, [(VIX:}OD)Q] (15)
Spread, ;= CC{%F — CCYy (16)

which can also be interpreted as the spread of the forward expected VIX? and the
convexity correction. Further, we include the unweighted average volume of SPX
and VIX options. We include all these variables to proxy for hedging costs and
liquidity constraints. In addition, we include the TED-Spread as a proxy for funding
liquidity.'” To control for the state of the economy we also include the VIX from the

CBOE as well as the VVIX. The former captures overall volatility risk and the latter

17See e.g. Gupta and Subrahmanyam (2000) and Campbell and Taksler (2003).
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volatility-of-volatility risk, which is especially relevant for VIX option prices.'®

All in all, the regression takes the form

eiVIFQ’i = o+ B X; + 7 [Interact. Terms]; + (17)

where ef/[ %1 is the absolute pricing error of the squared VIX futures price, given by
MFXT;) — (FtTi)Q. We normalize the regressors X; by their subsample’s standard
deviation to ensure comparability of the betas and further include their interaction
terms to account for their correlation.'® Table 3 reports descriptives of our variables.
In the full and both sub-samples, the absolute spreads of options are larger than the
spreads of VIX options, but in relative terms they are quite the same.?° Their higher
moments are similar, with exception of the standard deviation which is slightly
higher for SPX options. The aggregate daily volume of SPX options is on average
twice as high as for VIX options, with 0.47 million trades per day compared to 0.29
million. Compared to all other regressors, the volume variables are non-persistent
with an autocorrelation of 0.50 and 0.69 for SPX and VIX options respectively. In
contrast, the TED-spread is highly persistent (AR(1)=0.99) with an average value
of 0.51. Its high kurtosis reflects the liquidity dry up within the crisis of 2008.

Table 6 and Table 7 report results of the regressions with and without inter-
action terms for both subsamples and for the three maturity buckets of 7 to 30
days (short-term), 60 to 90 days (mid-term), and more than 150 days (long-term).
First, we conduct three separate restricted regressions for option-implied spreads,

the market conditions and for the volume measures and the TED-spread. Compar-

18See e.g. Park (2016).
Y Table 5 reports on the correlations of the variables contained in X.

20Tt is not surprising that the absolute spreads in the SPX market are larger than in the VIX
market, since the underlying price is larger as well. If the absolute spreads are normalized, e.g.
by the average E [(VIX%«?D)Z} and the convexity correction, the relative spreads are 15.13% and
15.15% for the SPX and VIX market, respectively.
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ing subsequently the adjusted R?s of these restricted regressions with unrestricted
regressions gives us the economic importance of each variable. We start with Table
6, which presents the results without interaction terms. Afterwards, we discuss the

impact of the latter using Table 7.

Panel A of Table 6 reports the results for the pre- and in-crisis period. For
short-term contracts the first restricted regression reveals that the spread in SPX
options increases the pricing error and is highly significant. The weighted bid-ask
spreads explain more than half of the variation in pricing errors and yield an im-
pressive R? of 56.06%. However, the spread of the VIX market is insignificant. This
finding is in line with its minor impact on the short-term model-free futures price
as discussed in the previous section. The beta of the SPX spread is positive, which
makes sense considering that the model-free futures price is the difference of a port-
folio of SPX and VIX options. So the more expensive SPX options the more costly
is the replicated (model-free) futures price. The results for maturities T3 and T in
Panel A show that the spread of the SPX market remains significant and also the
bid-ask spread of VIX options becomes highly significant. Again, this in line with
the intuition that the convexity correction term gets more relevant for larger matu-
rities. Its negative beta stems from the fact that VIX options enter the model-free
replication as a short position. For the mid-term and long-term contracts we find

adjusted R?s of 66.77% and 61.80%, respectively.

Turning now to the restricted regressions on volatility measures, we find that
the VIX is only relevant for short-term futures. For the first maturity bucket the
VIX is highly significant with an R? of 28.90%, whereas the VVIX is insignificant.
For longer maturities results are mixed with respect to statistical significance, but
the adjusted R?s drop to almost zero.?! Thus, we find that the VIX is only relevant

for contracts with the shortest time to maturity.

21'We find the same if we use the VIX with the corresponding maturity 7T; for each bucket.
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In the third restricted regressions, we concentrate on the trading volume of
options and funding liquidity measured by the TED-Spread. The table documents
insignificant results for trading volumes across all maturities. The TED-Spread is
highly significant for short maturities with an adjusted R? of 13.68%, but unimpor-

tant for longer maturities.

Unrestricted regressions which include all the former variables have only small
marginal explanatory power of roughly 2 — 4% compared to the restricted regres-
sions which only include the spread measures. This result is even more strongly
pronounced in Table 7 which includes interaction terms. If we control for these
terms, the significance of Spread>"* vanishes for maturity bucket 7} due to the high
correlation between the variables. Nevertheless, judging from the changes in Rs,
the spreads in the option markets are most important since they subsume most of
the relevant informations contained in the other variables. Overall, Panel A shows,
that in the pre- and in-crisis period price deviations between the VIX futures market
and the option markets can almost be fully explained by our bid-ask measures, thus

by the options’ liquidity.

Finally, Panel B of Table 6 documents results for the post-crisis period. For this
period, we find similar results with respect to sign and significance of the betas as
for the first period. So the overall pattern remains unchanged. However, we identify
three major differences. First, the scaled beta estimates are lower in absolute terms.
The reason is that pricing errors are smaller after the financial crisis. Second, the
spread in VIX options becomes more relevant for longer maturities than one month,
since its significance does not vanish anymore in unrestricted regressions. Panel B of
Table 7 documents that this holds true even after controlling for interaction terms.
Third and most importantly, we find that the maximal explanatory power of our
variables decreases for short-term contracts, whereas it remains rather similar for

the other ones. If the bid-ask spread measures are included, we find that for VIX
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futures with maturities between seven and 30 days the explanatory power drops by
20%, i.e. the R2s of the full regressions in Table 6 and 7 drop from roughly 60% to
40%. In contrast, we do not find such large drops in R?-values for mid- and long-
term contracts in the post-crisis period. The pattern holds also if we include the
interaction terms. All in all, the spread in the options markets explains most of the
pricing errors across all maturities and both samples. Still, a rather big part of the
variation of errors (40%-60%) cannot be explained after the crisis. Thus, we cannot
rationalize these price deviations, which suggest that market frictions between the
options and futures markets exist. Since the price deviations can be least explained
for short-term contracts, we analyze next how market participants react to most

inconsistent prices in volatility contracts.

3.4 Market Reactions to Inconsistent Pricing

In the previous section we studied the drivers of price deviations of volatility prod-
ucts in the VIX futures and options markets. Our results indicate that the deviation
varies a lot and can take negative as well as positive signs. Thus, there are times were
VIX futures are more expensive relative to options and vice versa. This section aims
to uncover the market reaction to such price differences. We focus on most obvious
inconsistencies between the VIX futures and the replication portfolio. Thereto, we
define upper and lower bounds for VIX futures which depend on the prices of the
option portfolios only. Since we find in the previous section that price dispersions
of short-maturity contracts can be least explained by liquidity risks in the period
after the financial crisis, we study options and futures for this period with maturities

between 7 and 30 days in more detail.

The main idea is to define the bounds for futures prices in dependence of
options’ bid- and ask-prices, because we do not know the exact trading price for the

options on a particular day. We only know the upper and lower ranges of these prices
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and use them to define our bounds. Thus, if the replication strategy holds, the VIX
futures price has to lie within these bounds.?? In each point in time the bounds have
to hold, otherwise futures are too expensive/cheap relative to options and profits can
easily be made by taking a position in futures and the hedge portfolios. To define
the model-free bounds we rely on Equation (4). The replication portfolio would
be cheapest (most expensive) if the necessary SPX options with time to maturity
T+ 30D trade at their bid-prices (ask-prices) and VIX options as well as SPX option
with time to maturity in 7" trade at their ask-prices (bid-prices). Therefore, we define
the model-free lower bound for VIX futures as the cheapest price of the replication
portfolio. The price is the difference between the bid-price for the expected squared

VIX and the ask-price of the convexity correction, given by
LF =, [(VIXED)]™ — ok (18)

Similar, we define a model-free upper bound for VIX futures as the ask-price of the
expected squared VIX. We do not subtract the (positive) convexity correction and

thus get a stronger upper bound

U = E, [(VIXP)]™ . (19)

Empirically, the arbitrage bounds are violated and we observe times where
Fl' < LT or U < FT. Note that by looking at violations of these bounds, we
concentrate on times when it may be difficult to explain price deviations with the

bid-ask spread in SPX and VIX options as done in our previous regression analysis.

Figure 5 shows the relative pricing error for short-term futures with respect
to the bounds given that the futures price is either too low or too high. We find

that the lower bound is violated more often and in larger magnitude than the upper

22Unfortunately, our data only covers mid-prices of the VIX futures. This is, however, no limi-
tation to our results, because the relative bid-ask spread of VIX futures almost never exceeds 1%

(see Park (2015)).
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bound. Thus, in our sample options were too expensive more often relative to VIX
futures, rather than the other way around. For the whole sample we find that for
10.19% of the days the future is below its lower bound with an average relative error
of 9.75%, whereas the upper bound is violated only on 3.21% of the days and with
an average relative error of -4.57%. Further, we find that the times where the lower
bound U] is violated are evenly spread across the sample, whereas futures exceeded

their upper bound mostly in the financial crisis.

A violation of the model-free bounds hints to dispersions between the options
and VIX futures market. We are thus interested in how the markets react to a
violation of the bounds and how the price deviations are resolved. Panels B and C
of Table 3 document market descriptives in times when the upper and lower bound
is violated. Panel B shows that if the futures price is above its upper bound, U3,
the convexity correction and CBOE’s VIX index are lower than on average. Even the
spread in SPX options is only half of the average spread. So VIX futures are more
expensive than options on relatively calm days. This is in contrast to our findings
for the subsample when the VIX future is below its lower bound. In these times we
find that futures, E [(VIX:?’F?D)Q], the convexity correction and the bid-ask-spreads
as well as CBOFE’s VIX are well above their average values. Hence, when the upper

bound is violated, the market environment tends to be more rough than usual.

Figure 6 shows implied volatility smiles for SPX and VIX short-term options
from a kernel regression on transformed moneyness m = log (K/F) / (\/T UATM> 2
We report smiles on the day of the violation of the upper and lower bound, as well
as one and two days before and after the bound’s violation. For comparison, we

include the average smile in the plots.

23The definition for the maturity-adjusted moneyness is used by other authors as well, for
example Andersen et al. (2016). Note, that in Section 3.1 we pointed at the necessity to use two
SPX option portfolios, due to the two-day difference in settlement days. For illustrative purposes,

we only show smiles for the shorter end of SPX options’ maturity.
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If the futures price is below its lower bound, VIX futures are cheaper relative
to options, or put differently, volatility risks implied by VIX futures are lower. In
this case we find a strong reaction in both volatility smiles (SPX and VIX) after
the day of this price deviation. The day before and the exact day of the violation
option smiles remain almost unchanged. The plots in the third row of Figure 6
show that the level of both volatility smiles decrease the day afterwards. Thus, the
information implied by the price deviation triggers market movements around its

date of occurrence.

As pointed out earlier, SPX options account on average for more than 94% of
the value of the short-term model-free replication and they positively influence its
price. Therefore, volatility risk embedded in SPX option prices decreases to mitigate
the relative overpricing. This means that the level of aggregate volatility risk, implied
by SPX options, decreases. For VIX options it could have been expected that they
are cheaper in the case of an overpricing, since they have a negative impact on the
replication portfolio. However, they are more expensive at and before the day of
the mispricing and their implied volatilities decrease afterwards. This means that
not only the level of volatility risk decreases, but also its uncertainty (volatility-
of-volatility risk). This leads to overall lower volatility risks implied by the option
markets. Thus, our results indicate that if VIX futures are relatively cheaper than

options, the expectation about future volatility risks in the option markets follow.

In the case when futures are overpriced relative to options, i.e. the upper bound
is violated, we find almost no reaction in the option markets. Figure 6 documents
that starting from the day just before the dispersion to two days after it, the level
of the smile of SPX options decreases slightly, whereas the level of implied volatility
of the VIX options remains mostly unchanged. This shows that the upper bound is
violated on days when the expected volatility traded in the SPX market decreases.

The drop in SPX smiles and the lack of an increasing pattern after the mispric-
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ing implies that prices of VIX futures adjust when they are relatively overpriced

compared to options.

Overall we find that the volatility product that is less expensive sets expected
volatility risks. The volatility embedded in the cheaper products adjusts. Either the
prices of futures adjust or the implied volatility of options. Our results indicate a
lead-lag structure between the market for VIX futures and the markets for SPX
and VIX options. Consequently, we observe a lead-lag structure between markets

segmented by their product, not by their underlying.

4 Conclusion

This paper studies the interdependencies between the VIX futures market and the
SPX and VIX options markets using model-free methods. The main interest of our
analysis is the model-free VIX futures replication by a long position in a portfolio
of SPX options and a short position in a portfolio of VIX options. We conduct
an extensive sensitivity analysis and find that limited option availability only leads
to relative small pricing errors. An application to real world data shows that the
pricing errors are too large to be explained by market incompleteness (in terms of
limited strikes) alone. Thereby, we analyze the impact of the construction of the
VIX term structure, which is necessary to build the SPX replication portfolio. We
compare the approach of the CBOE (2016) with the formula of Bakshi et al. (2003)
and show that the latter results in less skewed, and thus more reasonable pricing
errors. The construction with the CBOE method leads to a systematic underpricing
and strongly negatively skewed pricing errors. For the pre- and in-crises period
(before 2010), we reason the price deviations across all VIX futures’ maturities with
liquidity risk. After the crisis we cannot explain large parts in the deviations for

short-term contracts with maturities smaller than 30 days. For contracts with larger
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time to maturity we still identify liquidity risk as the main driver. Thus, we further
analyze market reactions to price deviations in short-term contracts and find that
either futures prices or options prices in both markets (S&P500 and VIX) adjust.
We conduct this analysis by studying implied volatility smiles and therefore remain
model-free. If VIX futures imply lower volatility risks, SPX and VIX option prices
adjust. On the other hand, if options imply lower volatility risks, VIX futures adjust.
We thus uncover a lead-lag structure between the VIX futures and the options

market in times when price dispersions are largest.

29



A Appendix

A.1 Proof of Theorem 1
Carr and Madan (2001) show that for a twice differential function f : R +— R holds
B ) B o0 X
FO0) = FC0) 4 PO = X) + [ PO = KK + [ fUR) (0 - X)raK
X 0
(20)
for X, X € R. If we set f(X) = X2, X = VIXy and X = E, [VIXy] = F{, it follows
(VIXEP)? = (E, [VIXEP])” + 2B, [VIXIP] (VIXEP — E, [VIXEP))

00 E¢ [ VIX30D
+2 / (VIXZP — K)TdK + / (K — VIX3™)TdK.
E, [VIX3P| 0

Now taking expectation on both sides and rearranging yields

o) FtT
(F7)* = E, [(VIX:}OD)Q} —2e'T < / CYX(T, K)dK + / PYX(T, K)dK) .
F 0

T
t

(21)

A.2 Option-Implied Implied Variance of Bakshi et al. (2003)

Let C; denote OTM call option prices C;(K,T) and P, denote OTM put option prices
P (K,T), both with with strike prices K and maturity 7. Bakshi et al. (2003) demon-
strate that the annualized risk-neutral expected variance over period T' (E;[V; r|) can
be estimated from a portfolio of C; and P;, given by

e’ 2(1 —In(K/S 2(1 +1n(S,/K
Et[W,T]: T /K>S ( K_<2 / t)> CidK +/K<S ( K.(2 t/ >) Py dK —,ut(T)Q

- s

where 11,(T) is

with the three hypothetical securities H;, which pay quadratic, cubic and quartic
payofts, respectively. H; are again portfolios of options. H; is already defined above
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and H, and Hj are given by
_ 2
H, = / 6In(K7/Sy) 32(111(K/St)) C,dK ...
K>S K
2
_/ 6In(S;/K) + 3(In(S;/K)) P, dIc
K<St

K2
H. — / 12(1H<K/St))2 - 4(1D(K/St))3 C. dK
3 s, f

K2

/ 12(In(S;/ K))* + 4(In(S;/ K))° P, dK.

+ e

Our measure (VIX])%2BEM is the discretized version of [V} 7]. To circumvent errors
due to the discretization, we interpolate the volatility smile in the strike dimension

at each day and for each maturity with one-point increments.
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Min. Moneyness 0.9 0.8 0.7 0.6 | 0.5 | Emp.

Max. Moneyness 1.1 1.2 1.3 1.4 1.5 | Ranges
Truncation Method
1 Month to Mat. -15.53 | -2.18 | 0.15 | 0.53 | 0.55 | -0.97

12 Months to Mat. || -51.02 | -28.47 | -13.55 | -4.08 | 0.05 | -3.24
Extrapolation Method
1 Month to Mat. -15.53 | -0.31 0.38 | 0.54 | 0.55 0.12
12 Months to Mat. || 0.24 | -0.12 | 0.29 | 0.92 | 0.03 | 0.88

Table 1: Relative Errors of Model-Free VIX Futures in the SVJJ Model

The table shows the relative pricing errors in percentage points of the model-free
formula for VIX futures for different available strike ranges in the SVJJ model of
Duffie et al. (2000). Available minimal and maximal strikes are quoted in moneyness
terms (K/F). For the column Emp. Ranges we use average empirical strike ranges
for the SPX and VIX market. For the SPX (VIX) market, average ranges in our
sample are 0.69 to 1.15 (0.60 to 1.80) and 0.56 to 1.30 (0.64 to 1.80) for short- and
long-term options, respectively. In each case we interpolate strikes in the implied
volatility space using linear interpolation with 1000 nodes. The initial stock price is
So = 100 and the initial variance Vj is at its long-term mean.
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Panel A Without Interpolation
A Strike || Emp. F§  0.025 FJ 0.05 F§  0.075 F§ 0.1 F§  0.25 F¢.
1 Month to Maturity

Emp. S -5.37 -5.37 -5.39 -5.41 -5.45 -5.81
12 Month to Maturity

Emp. Sy -2.23 -2.23 -2.25 -2.27 -2.31 -2.76

Panel B With Interpolation

A Strike || Emp. F§  0.025 Ff 0.05 F¢  0.075 F¢ 0.1 F§ 0.25 F§
1 Month to Maturity

Emp. S 0.55 0.55 0.55 0.55 0.55 0.55
0.050 Sy 0.55 0.55 0.55 0.55 0.55 0.55
0.075 Sy 0.53 0.53 0.53 0.53 0.53 0.54
0.100 Sy 0.46 0.46 0.46 0.46 0.46 0.46
12 Month to Maturity

Emp. S 0.03 0.03 0.03 0.03 0.03 0.04
0.050 Sy 0.03 0.03 0.03 0.03 0.03 0.03
0.075 Sy 0.04 0.04 0.04 0.04 0.04 0.04
0.100 Sy 0.04 0.04 0.04 0.04 0.04 0.05
Panel C Different Volatility Regimes
Time to Volatility Regime
Maturity High Medium Low

1 Month 0.71 0.55 0.14
12 Month -0.09 0.03 0.25

Table 2: Relative Errors of Model-Free VIX Futures in the SVJJ Model

The table shows the relative pricing errors in percentage points of the model-free
formula for VIX futures for different available strikes in the SVJJ model of Duffie
et al. (2000). Available strikes are quoted in moneyness terms. For the interpolation
in Panels B and C, we interpolate in the volatility space. For both markets we
choose the available strike ranges as ATM =+ 50%[Underlying]. We use Vy = 0.053
(its long-term mean) for the sensitivity analyzes with respect to the strike grid. For
the analysis over different volatility regimes we use empirical strike grids with step-
size 0.012 x Sy for stock options and 0.008 x F{ for VIX options. In the High (low)
regime, we define the initial variance Vj as 0.17 (0.01). In the Medium regime the
initial variance is at its long-term mean.
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(FT)? E [ (VIX¥P)?| Conv. Corr. éMF ! Spread$PX Spread{™ VIX VVIX VOLS™X VOLY™ TED-Sprd
[Panel A Moments: Full Sample 09/01/2006 to 08/31/2015 |
Mean 5.54 6.08 0.33 0.21 0.92 0.06  21.26 86.49 0.47 0.29 0.51
Std 5.58 6.60 0.45 1.08 1.35 0.07 10.2 13.11 0.18 0.25 0.56
Skew 3.01 3.48 4.37 4.68 5.54 6.08 2.21 0.97 1.47 2.08 2.82
Kurt 13.66 18.27 29.16 49.09  45.70 59.51  9.21 481 741 10.62 13.16
AC1 0.98 0.97 0.92 0.65 0.79 0.81 098 0.93  0.50 0.69 0.99
Panel B H Moments: Subsample (FTI)2 > Upper Bound after 01/04/2010
Mean 4.93 4.41 0.28 -0.80 0.45 0.05  19.53 81.20 0.44 0.17 0.65
Std 5.79 4.84 0.52 1.64 0.67 0.07 1235 1449 0.16 0.20 0.63
Skew 241 2.37 3.87 -3.66 3.70 3.63 208 098 0.51 1.48 1.60
Kurt 8.08 8.17 19.99 17.99  18.26 1768 7.25 3.23 270 4.08 4.41
AC1 0.84 0.84 0.71 0.58 0.46 072  0.86 0.67 0.49 0.81 0.82
Panel CH Moments: Subsample (FT1)2 < Lower Bound after 01/04/2010
Mean 9.29 11.49 0.61 1.62 1.79 0.09  27.05 90.59 0.51 0.27 0.77
Std 9.99 12.65 0.81 2.30 2.74 0.14  15.88 16.04 0.18 0.27 0.79
Skew 1.68 1.79 2.20 2.51 2.94 3.57 1.38 1.19 1.08 2.32 1.66
Kurt 4.66 5.19 7.57 9.35 12.79 19.46  4.00 5.77 4.67 1145 5.33
AC1 0.97 0.97 0.86 0.82 0.73 068 095 079 0.24 0.64 0.96

Table 3: Descriptives of Pricing-Errors and Liquidity-Measures

The table shows descriptives of pricing errors and liquidity measures for the full sample from 09/01,/2006 to 08/31/2015

and for two subsamples. (F T1)2 is the squared VIX futures price for the first maturity bucket, eiv 1F%i

— MFX(T)—(F)?

is the pricing error for the model-free VIX futures from Equations (4) and (10). Spread}, are the weighted bid-ask
spreads for the SPX and VIX options market, calculated by Equations (15) and (16). VIX and VVIX are the volatility
and volatility-of-volatility indices from CBOE. VOL® are the daily aggregate trading volumes in millions for VIX and
SPX options. TED-Spread is the difference between the 3-month LIBOR and the T-Bill rate.



\ Maturity Mean Median  Std g% RE ‘

Panel A CBOE Method for VIX TS
Relative Error
D < T; < 30D -2.79 -2.82 3.74 3.29 -8.79

30D < Ty < 60D -4.10 -3.83 5.89 3.76 -11.94

60D < T3 < 90D -7.20 -4.39 14.62 6.57  -29.97

90D < Ty < 120D -0.85 -0.58 13.02 1594 -19.14
120D < T < 150D -4.30 -2.69 11.81 8.08 -20.70
150D < Tg -7.22 -5.08 14.41 7.82 -29.24
Absolute Error

D < T; < 30D | -0.0064 -0.0056 0.0096 0.0065 -0.0227
30D < Ty < 60D -0.0101 -0.0080 0.0163 0.0074 -0.0333

60D < T3 < 90D -0.0192 -0.0094 0.0461 0.0150 -0.0841

90D < Ty < 120D || -0.0025 -0.0012 0.0393 0.0425 -0.0525
120D < Ts < 150D || -0.0114 -0.0059 0.0363 0.0214 -0.0514
150D < T -0.0187 -0.0115 0.0428 0.0193 -0.0772
Panel B BKM Method for VIX TS

Relative Error
7D < T, < 30D 0.08 -0.09 4.32 7.36 -6.66
30D < Ty < 60D -0.30 0.00 7.16 9.98  -10.25
60D < T3 < 90D -2.89 0.24 17.83 16.03 -31.66
90D < T4 < 120D 6.44 6.78 16.90 27.68 -15.44
120D < T5 < 150D 3.15 4.60 15.08 20.97 -18.50
150D < Tg 0.11 2.40 18.76  21.97 -30.75
Absolute Error
7D < T; < 30D 0.0013 -0.0002 0.0123 0.0198 -0.0135
30D < Ty < 60D || -0.0003 0.0000 0.0202 0.0255 -0.0238
60D < T3 < 90D || -0.0083 0.0005 0.0568 0.0438 -0.0884
90D < T4, < 120D || 0.0165 0.0139 0.0532 0.0793 -0.0413
120D < T5 < 150D || 0.0079  0.0100 0.0463 0.0630 -0.0397
150D < T 0.0003  0.0052 0.0556 0.0643 -0.0731

Table 4: Errors of Model-Free VIX Futures

The table shows moments for the absolute and relative pricing errors (in percentage
points) of the model-free formula for VIX futures for different maturity buckets. We
report results for the cases when the VIX is calculated following CBOE’s White
Paper and Bakshi et al. (2003), respectively. The absolute error is defined as 2" =
MF,(T;) — F and the relative error as €' = MF,(T})/F} — 1. To calculate the

moments we use daily data from 09/01/2006 till 08/31/2015.

37



8¢

(FT)? E | (VIX3P)?| Conv. Corr. Spreadiy™ Spread}™® VIX VVIX VOLSPX VOLYX TED-Spr.

(F™1)? 1 0.99 0.84 0.83 0.78 097 030 021 —029  0.58
E, | (VIX{P)?| 1 0.87 087 08 096 033 021 —026 058
Conv. Corr. 1 0.79 093 086 057 026 014  0.49
Spready’ 1 0.78 0.8l 0.37 023 —0.17 049
Spready. 1 0.78 0.51 024 —0.12 0.45
VIX 1 037 029 —029 063
VVIX 1 028 017 0.1
VOL"* 1 0.16 0.15
VOL™ 1 —0.39
TED-Spr. 1

Table 5: Correlations of Pricing-Errors and Liquidity-Measures: Full Sample 09/01/2006 to 08/31/2015

The table shows the correlation of pricing errors and liquidity measures for the full sample from 09/01/2006 to
08/31/2015. (F T1)2 is the squared VIX futures price for the first maturity bucket. Spready, are the weighted bid-
ask spreads for the SPX and VIX options market, calculated by Equations (15) and (16). VIX and VVIX are the
volatility and volatility-of-volatility indices from CBOE. VOL® are the daily aggregate trading volumes in millions for
VIX and SPX options. TED-Spread is the difference between the 3-month LIBOR and the T-Bill rate.
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[ Panel A

I

Pre- and In-Crisis — 09/01/2006 to 12/31/2009

Mat. bucket 7D < T; < 30D 60D < T3 < 90D 150D < Tg
Intercept —0.0045%** —0.0234*** —0.0065**  0.0088 |[—0.0091%**  0.0098 —0.0014 0.0072 [[—0.0079%** 0.0478***  —0.0041  0.0308***
(0.0011) (0.01) (0.0032) (0.0066) (0.0028) (0.033) (0.0086) (—0.018) (0.0027) (0.0149) (0.0066) (0.0118)
Spread$FX 0.0116*** 0.0145*** || 0.0481*** 0.0495*** || 0.0395*** 0.0400***
i (0.0021) (0.0023) (0.0049) (0.0049) (0.0026) (0.0029)
Spread Y. X 0.0005 0.0029 || —0.0123*** —0.0028 || —0.0107*** —0.0089***
¢ (0.0028) (0.0024) (0.0040) (0.0017) (0.0028) (0.0032)
VIX 0.0081*** —0.0057*** —0.0060 —0.0157*** 0.0085*** —0.0012
(0.0035) (0.0019) (0.0086) (0.0049) (0.0034) (0.0035)
VVIX 0.0016 —0.0012 —0.0010 —0.0008 —0.0107*** —0.0069***
(0.0014) (0.0009) (0.0059) (0.0030) (0.0026) (0.0021)
VOLSPX 0.0014 0.0001 0.0022 0.0028 0.0017 0.0004
(0.0017) (0.0011) (0.0031) (0.0017) (0.0023) (0.0015)
VOLVIX —0.0008  —0.0000 —0.0018  —0.0001 —0.0004  —0.0001
(0.0012) (0.0006) (0.0021) (0.0011) (0.0015) (0.0010)
TED-Spread 0.0055*** 0.0013 —0.0079 0.0038 —0.0012  0.0035**
(0.0019) (0.0012) (0.0051) (0.0026) (0.0019) (0.0017)
adj. R? 0.5606 0.2890 0.1368 0.6037 0.6677 0.0083 0.0117 0.6933 0.6180 0.0293 -0.0050 0.6303
Interaction No No No No No No No No No No No No
Terms
[Panel B | Post-Crisis — 01/04/2010 to 08/31/2015 ]
Intercept —0.0021***  —0.0062* —0.0031"** —0.0022 |[—0.0026%** —0.0104*** —0.0096*** —0.0045 || —0.0044*** —0.0210*** —0.0143*** —0.0195**
(0.0004) (0.0035) (0.0010) (0.0016) (0.0007) (0.0038) (0.0025) (0.0028) (0.0012) (0.0072) (0.0036) (0.0045)
Spread$FX || 0.0020%** 0.0021*** || 0.0112%** 0.0113*** || 0.0174*** 0.0158***
i (0.0004) (0.0007) (0.0008) (0.0009) (0.0018) (0.0013)
Spread Y. X 0.0004 0.0004 || —0.0028*** —0.0023*** || —0.0034*** —0.0052%**
‘ (0.0003) (0.0004) (0.0006) (0.0007) (0.0013) (0.0016)
VIX 0.0018*** 0.0002 0.0012 —0.0009 0.0052%** 0.0021*
(0.0003) (0.0006) (0.0023) (0.0012) (0.0017) (0.0012)
VVIX 0.0002 —0.0000 0.0010 0.0002 0.0015 0.0005
(0.0006) (0.0004) (0.0010) (0.0005) (0.0014) (0.0008)
VOLSPX 0.0007***  —0.0004** 0.0009 0.0002 0.0014*** 0.0006
(0.0002) (0.0002) (0.0006) (0.0004) (0.0007) (0.0006)
VOLVIX 0.0002 0.0006*** 0.0007  0.0010*** —0.0002  0.0014***
(0.0004) (0.0003) (0.0005) (0.0002) (0.0006) (0.0004)
TED-Spread 0.0006***  —0.0003 0.0023*** 0.0001 0.0057***  0.0018***
(0.0002) (0.0002) (0.0009) (0.0005) (0.0013) (0.0008)
adj. R? 0.3756 0.2678 0.0656 0.4070 0.6134 0.0212 0.0349 0.6182 0.5552 0.0778 0.0794 0.5785
Interaction No No No No No No No No No No No No
Terms

Table 6: Dependence of Pricing Errors of the Model Free Futures on Liquidity Measures (no Interaction Terms)

The table shows betas and intercepts for the regressions of pricing errors eiw FhiZ M FA(T;) — (FtTi)2 for the model-free
VIX futures from Equation (4) on liquidity measures. We use the approach of Bakshi et al. (2003) to calculate the VIX
term structure. All explanatory variables are normalized by their standard deviation. For the regressions we use daily
data. *, ** and *** indicate statistical significance at the 90, 95, and 99% confidence level. Newey-West robust standard
errors are stated in parentheses.
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[Panel A | Pre- and In-Crisis — 09/01/2006 to 12/31/2009 ]

Mat. bucket 7D < Ty < 30D 60D < T3 < 90D 150D < Tg
Intercept —0.0006 —0.0234*** —0.0065**  0.0023 || —0.0084*** 0.0098 —0.0014 0.0023 —0.0086*** 0.0478*** —0.0041 0.0230*
(0.0013) (0.0100) (0.0032) (0.0073) (0.0038) (0.033) (0.0086) (0.0154) (0.0030) (0.0149) (0.0066) (0.0135)
Spread?FPX 0.0074*** 0.0087 0.0436*** 0.0595*** 0.0410*** 0.0435***
i (0.0025) (0.0055) (0.0116) (0.0191) (0.0039) (0.0117)
Spread Y. X —0.0054* —0.0091 || —0.0129*** 0.0057 || —0.0100*** —0.0027
¢ (0.0029) (0.0086) (0.0047) (0.0112) (0.0036) (0.0055)
VIX 0.0081*** —0.0015 —0.0060 —0.0128*** 0.0085*** 0.0002
(0.0035) (0.0026) (0.0086) (0.0056) (0.0034) (0.0043)
VVIX 0.0016 —0.0001 —0.0010 —0.0006 —0.0107*** —0.0064***
(0.0014) (0.0011) (0.0059) (0.0029) (0.0026) (0.0023)
VOLSPX 0.0014  —0.0002 0.0022 0.0022 0.0017 0.0004
(0.0017) (0.0009) (0.0031) (0.0016) (0.0023) (0.0016)
VOLVIX —0.0008  —0.0000 —0.0018  —0.0008 —0.0004  —0.0002
(0.0012) (0.0006) (0.0021) (0.0012) (0.0015) (0.0011)
TED-Spread 0.0055*** 0.0009 —0.0079 0.0035 —0.0012 0.0039*
(0.0019) (0.0010) (0.0051) (0.0021) (0.0019) (0.0020)
adj. R? 0.6221 0.2890 0.1368 0.6331 0.6686 0.0083 0.0117 0.7008 0.6179 0.0293 -0.0050 0.6301
Interaction Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
Terms
[Panel B | Post-Crisis — 01/04/2010 to 08/31/2015 |
Intercept —0.0010*** —0.0062* —0.0031*** —0.0018 —0.0007 —0.0104*** —0.0096***  0.0049* —0.0041*** —0.0210*** —0.0143*** —0.0087*
(0.0003) (0.0035) (0.0010) (0.0019) (0.0009) (0.0038) (0.0025) (0.0028) (0.0016) (0.0072) (0.0036) (0.0053)
Spread%?x 0.0010*** —0.0014* || 0.0080*** 0.0059*** 0.0172*** 0.0113***
4 (0.0003) (0.0008) (0.0013) (0.0018) (0.0021) (0.0029)
SpreadY.X —0.0003 0.0005 || —0.0035%** —0.0047*** || —0.0037*** —0.0122***
° (0.0003) (0.0007) (0.0007) (0.0015) (0.0015) (0.0020)
VIX 0.0018*** 0.0006 0.0012 —0.0056*** 0.0052*** —0.0031
(0.0003) (0.0006) (0.0023) (0.0017) (0.0017) (0.0020)
VVIX 0.0002 0.0001 0.0010 0.0006 0.0015 0.0013*
(0.0006) (0.0004) (0.0010) (0.0005) (0.0014) (0.0007)
VOLSPX 0.0007*** —0.0003* 0.0009 0.0003 0.0014*** 0.0007
(0.0002) (0.0002) (0.0006) (0.0003) (0.0007) (0.0005)
VOLVIX 0.0002  0.0004* 0.0007  0.0005*** —0.0002 0.0008*
(0.0004) (0.0002) (0.0005) (0.0002) (0.0006) (0.0004)
TED-Spread 0.0006***  —0.0002 0.0023*** 0.0004 0.0057***  0.0022***
(0.0002) (0.0002) (0.0009) (0.0005) (0.0013) (0.0007)
adj. R? 0.4297 0.2678 0.0656 0.4632 0.6220 0.0212 0.0349 0.6484 0.5551 0.0778 0.0794 0.6011
Interaction Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
Terms

Table 7: Dependence of Pricing Errors of the Model Free Futures on Liquidity Measures (with Interaction Terms)

The table shows betas and intercepts for the regressions of pricing errors e;” PRy FA(T;) — (FtTi)2 for the model-free
VIX futures from Equation (4) on liquidity measures. We use the approach of Bakshi et al. (2003) to calculate the VIX
term structure. All explanatory variables are normalized by their standard deviation. For the regressions we use daily
data. *, ** and *** indicate statistical significance at the 90, 95, and 99% confidence level. Newey-West robust standard
errors are stated in parentheses.
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Figure 1: VIX Futures Trading Volume
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The figure shows the daily volume of VIX futures, averaged over one month for
different maturities. For the plot we use daily data from 09/01/2006 till 08/31/2015.
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Figure 2: Convexity Correction for Maturity Buckets T; and T

The figure shows the convexity correction for the maturity buckets 7D < T} < 30D
and 150D < Tg. We calculate the correction using Equation (14) and the relative
contribution is with respect to the true futures price.
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Figure 3: Model-free VIX Futures Pricing Errors: CBOE Method

The figure shows the fit for the model-free futures calculation on the left and
the difference error on the right when the VIX is calculated using the approach
from CBOE’s White Paper. For the plots we use daily data from 09/01/2006 till
08/31/2015.
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Figure 4: Model-free VIX Futures Pricing Errors: Bakshi et al. (2003) Method

The figure shows the fit for the model-free futures calculation on the left and the
difference error on the right when the VIX is calculated using the approach from
Bakshi et al. (2003). For the plots we use daily data from 09/01/2006 till 08/31/2015.
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Figure 5: Relative Errors if Futures Bounds are violated

The figure shows the relative pricing error when the short-term VIX future is below
its lower bound (left panel) and above its upper bound (right panel).
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Figure 6: Market Reactions to Futures Bounds Violations

The figure shows the market reaction to price dispersion between the VIX futures
and options market. The left panels shows implied volatility smiles relative to money-
ness for SPX options. The right panel pictures corresponding smiles for VIX options.
The smiles are obtained from kernel regressions.

46



	Introduction
	Model-Free VIX Futures Evaluation
	Theory
	Measures of Expected Variance
	Theoretical Impact of Limited Strike Ranges

	Empirical Analysis
	Data
	Performance of the Model-Free Formula
	Liquidity and Pricing Errors
	Market Reactions to Inconsistent Pricing

	Conclusion
	Appendix
	Proof of Theorem 1
	Option-Implied Implied Variance of ba/ka/ma/03


